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Abstract— By application of the cascaded control paradigm In this paper a highly-scalable cascaded control method
a highly-scalable control law is proposed for articulated mobile s presented, which allows solving the path following task
robots equipped with arbitrary number of trailers (N-trailers) for N-trailer robots with the guidance point located on the

for the path-following task. The concept relies on utilization last vehicl t Aoplicati f th ded trol
of the novel path-following controller, recently published by ast venicle segment. Application or the cascaded contro

Morro et al., devised for the unicycle kinematics of the last Paradigm into N-trailers is not a completely new concept.
trailer (outer loop), and then on transformation of the resultant It has been independently developed and recently presented

control functions along a vehicle kinematic chain to a tractor  for a backward pushing task in [10], for a trajectory-tranki
segment (inner loop). A control law proposed in the paper can {45k in [6], and for set-point control in [7]. A novelty of

be applied into all the known types of N-trailer robots (nNSNT, . L
GNT, and SNT) under the sign-homogeneity assumption for the solution proposed here comes from combination of two

hitching offsets of trailers. The method has been examined by Components. The first one is application of the cascaded
simulation examples. approach to the path following task which admits backward

and forward motion strategies for a vehicle. The second one
. INTRODUCTION results from utilization of a relatively new path-follovgn
concept developed for unicycle kinematics in [12]. The
From the control perspective, the N-trailer robotic ve#scl controller presented in [12] is especially interesting\csi
(shortly: N-trailers) are the challenging and very intér&s it treats the path-following problem in a completely new
plants, therefore they still occupy attention of researshe,yay which removes the main limitations of the well known
and engineers. N-trailers consist of an active tractorgllgu gng frequently utilized method of Samson [14]. The new
a differentially-driven unicycle-like vehicle) with atiary  cascaded solution will be derived for a kinematic model
number of single-axle trailers interconnected in a chain byf nSNT robots treating velocities of a tractor segment as
the passive rotary joints. In the literature one distinges ¢gntrol inputs. After simple approximations of the inner
three kinds of N-trailer robots: Standard N-Trailers (SNT)OOp, it will be shown how the method can be applied also
with all the joints of on-axle type [9], non-Standard N-into GNT and SNT kinematics. Justification of the pure
Trailers (nSNT) with all the joints of off-axle type [7], kinematic approach comes from the fact that most difficsiltie

and General N-Trailers (GNT) with mixed on-axle and offjth maneuvers performed by N-trailers arise just on the
axle hitched joints [1]. Models of N-trailers are characteryjnematic level.

ized by several specific properties like high nonlinearity,

substantially less number of control inputs in relation to Il. VEHICLE KINEMATICS AND CONTROL PROBLEM

a number of controlled variables, structural instability i » . enatics of N-trailer robots

backward motion, and the nonminimum-phase property in

the presence of off-axle interconnections of trailers [8]. Kinematics of N-trailer robots will be described upon
Due to the complicated nature of N-trailer kinematics somie scheme presented in Fig. 1. N-trailer robot consists of
control problems still remain unsolved, while the othersne2 differentially driven tractor (segment numbey and N
involve further investigations to make the control laws enor trailers interconnected in a chain by passive rotary joints
practical and simpler in implementation. Kinematic parameters of the robot are: trailer lengths> 0,

The path-following task, which is considered in this work @nd hitching offsets;; € R,7 = 1,..., N. The:-th offset is
belongs to the classical set of motion problems defined fdOSitive when the-th joint is locatedbehind the wheels-axle
mobile robots which is of a particular practical meaning an@f & preceding segment, while it is negative in the opposite
has been treated by several investigators with relation fS€- One says that theh jointis ofon-axletype if Ly,; = 0,
articulated vehicles. Exemplary solutions of the task siegi and of of-axle type whenLy; # 0. Configuration of the
for the tractor-single-trailer systems can be found in[53], ~ SyStem can be uniquely determined by the vector

[3]. Solutions applicable to vehicles with arbitrary numbé a T a7 .T17

trailers have been proposed in [4] (although presented only 4~ B By v ovyn]' = [ ax] (@)

for 2-trailers), [2], [11], and [15]. where 3 = [, ... Bn]" € TV is a sub-vector of joint
angles, whileqy = [0y =n yn|T € R3 determines a
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Fig. 1. Configuration and kinematic parameters of the N-traidot The desired orientation, which determines direction tange
to path F'(z,y) = 0, can be defined as
inputs of the robot are the tractor velocitiag = [wy vo] ",
wherewy andwvg are the angular and longitudinal velocities, a(z,y) £ Atan2c(—Fy(z,y), Fy(z,y)) €R,  (6)
respectively.
Under the rolling-without-skidding assumption one carwhich is always well determined foff VF(z,y)|| > 0,
treat anyi-th vehicle segment (= 1,..., N) as the unicycle and where Atan2¢,-) : R x R ~ R is a continuous
. . . version of the four-quadrant function Ataft2:) : R x R —
Oi=wi, &i=wviths, i =vi; @ (_x,7]. Decision factoro € {1, +1}, introduced in (5)
with virtual input w; = [w; v;]T where w; and v; are and included in partial derivatives, and F),, determines a
the angular and longitudinal velocities of tii¢h segment, desired quadrant for reference orientatiitz, y). Now, by
respectively. It can be shown that velocities of any twdeferring to the last-trailer kinematics in the form of (8pe

neighboring segments far= 1,..., N are related by the can introduce the path-following error for the last trailer
formula Flan) Faw)
_ LpicB; sBi 2 aN)| a oJgn ] c R? 7
u; = Ji(ﬂi)ui,l, JZ(/Bl) = Li L; s (3) e(qN) |:€9(qN):| |:9N - ed(q_N) ’ ( )
Lpispi B

whereJ;(8;) is the transformation matrix, which is invertible wheregy = [zx yn]' is a position vector of the guidance
for Lj; # 0 (i.e. when thei-th joint is of off-axle type). By point P (cf. Fig. 1), andf(gn) = f(zn,yn) determines
iterative application of (3) foi = N,...,1 one obtains the function f(z,y) evaluated at poingx. In definition (7) the
velocity propagation equation first componentF'(gy) can be called thesigned distance

L value (see [12]) between the guidance poiRt and the
_ _ desired path (note tha#'(gy) = 0 only when the last
= = (B, 4
un = In () J2(B2) I (Br)uo jgv T3(B;)uo, (4) trailer is on the desired path), while the second component,

) ) ) ) eg(gn), is the orientation error where, according to (6),
which describes how the tractor control inpug influences 04(qn) = Atan2c(—F, (qn ), Fy (Gn)) -

velocity uy of the last trailer. In order to make the basic The control problem under consideration is to find a

formulation of N-trailer kinematics complete one should,, nded feedback control lawo (3, g, t) which guarantees
recall equation valid for the joint angle; = 0,1 — 0;. that error (7) is convergent in the sense:

B. Control problem formulation

To state the control problem precisely enough, let u3tli>rgc

follow the concept presented in [12] and define the reference ) )
In the sequel, a solution to the above problem will be

LShort notation will be used for compactness: & cosa, sa =sine.  provided by using the cascaded-control approach.

F(q_N(t)) =0, tli>Holo eO(qN(t)) =2vrm, v e L. (8)



[1l. CASCADED CONTROL CONCEPT FORN-TRAILERS one can easily check boundedness of control law (11):

A. Derivation of a control structure for nSNT robots N
Assume that all the hitching offsefs,; in the vehicle are luo (B, @) = H Jy‘_l(ﬁj)‘I’(QN’t)
Al: non-zero:Ly; # 0 for anyi=1,..., N, N = N
A2: sign-homogeneous: sghy,;) = sgnLy;) for anyi # j. < H H Jfl(ﬂj)H buax = H M;bmax, (13)
j=1

Assumption Al restricts our considerations to nSNT ve-
hicles, while A2 guarantees that the hitching offsets are

all positive or all negative. Under assumption Al one caghere M; = \/(1 + LLTE) 2B, + (L% + Lf) $8; is the
determine an inverse transformation to (3) in the form " h

j=1

Frobenius norm of matrixij‘l(ﬂj), which is bounded under

—LicBi  sPi assumption Al.
) _ 71 . . -1 ) — Ly Ly . i i
wiy =J; (Bi)wi, Ji (Bi) = |:Li 3B; C’ﬁj > (9) Summarizing, the proposed control law lies in the cascade

combination of two feedback loops: the outer loop defined by
where J;'(B;) is the inverse-transformation matrix. By control function® (g, t), which is responsible for providing

combination of formula (9) for alf = 1,..., N one obtains the instantaneous guiding-velocities for the last trailpon
the following velocity propagation equation a current path-following error, and the inner loop (defined
by transformation (11)) which recomputes these guiding-

al velocities into the instantaneous control inputs for tlaetior.

=1[7"5 10 - . L

uo(B) jI;[l ; (Bs)un, (10) Before defining the outer-loop functio®(gy,t) in its

explicit form, let us explain how one can extend application
which determines how the velocity vectary = [wy vy]"  Of controller (11) into N-trailers comprising on-axle jtsn
may be forced by the tractor inpuiy. Since (10) is an , .
algebraic relation, velocities of the last trailer can beeénl B APProximated inner loop for GNT and SNT robots
by the tractor inputs in the instantaneous manner as aln case when any-th joint is of on-axle type the hitching
function of the current joint-angles only. Eq. (10) defineoffset L,; = 0 and the transformation matrix in (3) becomes
in fact a closed-loop subsystem with feedback from anglesngular (one cannot use the inverse relation (9)). However
3. It will be shown that propagation formula (10) can beone can propose to replace the transformation matrix for the
treated as an inner loop of a resultant control cascade witin-axle joint by its non-singular approximation
input uy and outputu. o 1
Now, let us treat the last trailer as the unicycle with vittua J;(Bi,e;) & |:_Licﬁi hbﬁi] . e #£0,  (14)
control inputuy = [wy vx] . Suppose that one would like eisfi cbi
to forceuny = ®(qn,t) with ®(qn,t) € R? being some wheres; is a prescribed sufficiently small non-zero parame-
feedback control function which ensures guidance of the lager which satisfies the sign-homogeneity assumption (A2):
trailer toward (and along) a reference path (any particulqrgr(gi) = sgn(Ly;) for any j # i for which the joint
form of function ® is not considered now — it will be given js of off-axle type (mixed types of trailers hitching are
in Section 11I-C). According to (10) the control strategy fo characteristic for GNT vehicles). In case of SNT vehicles,
the tractor segment can take the following form where all the joints are of on-axle type, the common sign for
all the parameters; can be chosen arbitrarily. Now, one can

N . . . . . .
uo(B, ®(qn, 1)) 2 H Jj_l(ﬁj)q)(lm, ). (11) inverse the approximate transformation matrix (14) olitain
j=1

I —Licg,  Lsp
o . J; (Biei) = & = ; (15)
One may check that application of control law (11) into ‘ i

kinematics of nSNT robot gives: which can be used in the cascade controller (11) in places

corresponding to the on-axle joints. Since parameter

1 1 N
uN @ H J;(B)uo 1y J;(B;) H J,_l(ﬂj)q;(q]\“t) resides in a denominator of particular elements in (15 it ¢
J=N J=N j=1 ’ be expected that a value of will influence sensitivity of a
= ®(gn, 1) (12) closed loop system to the presence of measurement noises

in the inner and outer loops. Hence in practice, selection of
Hence, application of control law (11) ensures that the last should result from a compromise between precision of
trailer moves in a way as it would be directly controlled byapproximation (15) and the noise-sensitivity of a resultan
function &. In this context, one can treat (11) as a cascaddosed-loop system.
connection of the inner-loop controller defined by (10)
with the outer-loop controller defined by feedback functiorf>- Outér-loop controller
®(gn,t). Assuming that the outer-loop control function is To complete a definition of the cascaded path-following
bounded in the sense thatx, ¢ || ®(gn,t)|| < dmax < 0o,  controller for N-trailers it suffices to determine the otiteop



control function®(gy, t). To this aim the novel control law the algorithm does not cope directly with the non-analytica
presented in [12] will be utilized. paths (cf. [12]).

The implicit equation (5) defines the desired path which The resultant cascaded control system for the N-trailer
the last trailer (guidance segment) should follow. By nefiey  robots can be summarized by the block scheme presented
to kinematics (2) fori = N, the path-following controller in Fig. 2, where the inner-loop controller and the outergloo

proposed in [12] can be described as follows: controller have been defined by equations (11) and (16),
B T 9 respectively.
P(gy,t) = [@w(qN,t) @U(t)} € R, (16)

with vdj &

_ _ ko F(qn) F(x,y) " 3

Do (qn,t) & —k1 | VE(@N)]| @0 () = d outer-loop )
w | e (QN) q CO“::“er f» Tfrﬁrrgﬁ‘éf uU(ﬁ ,2) N-trailer U
_ _ , . B kinematics
~ k[ @, (0 VF(@x) - g2(0n) +0a, - (A7) e LD t
(b,u (t) =S Ud(t), (18) cascaded ﬁ inner loop
controller

whereVF(qy) = VF(zn,yn) determines the gradient of teroop

function F(-) evaluated at current positiafy = [zx yn] T,
(17) and (18)_ are, reSpeCt'Ve!y’ the a_ngular _and Iongm"d'nFig. 2. Cascaded control system proposed for N-trailer tofmarameters
control functions for the unicycle kinematics of the last; are used only for GNT and SNT robots)

trailer, k1 > 0, k2 € (0, 1] are the design parameters, and
IV. NUMERICAL EXAMPLES

G2(0n) = [y ] ", (19 A Smulation conditions

by = Dy(1) Fi(gn)cn + F. 2(‘31\’ )N ’ (20) Effectiveness of the proposed control strategy has been
| VE(gn)ll examined by numerical simulations conducted for:

Fi(an) = Fo(qn)Foy(an) — Fy(@n) Fea(gn),  (21) . elliptical path defined by function

Fy(qn) = Folan)Fyy(an) — Fy(an)Foy(an).  (22) 22 2

. fle,y) = —+= -1, A=2, B=1, (23)
The termé, denotes the desired angular velocity, which is (w9):= "+

well determined along the cuni(z, y) = 0 under assump-  « S-like path defined by function
tion || VF(z,y)|| > 0. Assume that longitudinal velocity (18) . _ _
is de‘:|fined by t‘r|1e bounded functian(t) such thato(t) is f@y)i=y - Btanh(Az), A =5, B=1. (24)
bounded andim;_,, vq(t) # 0. According to Theorem 2 Four sets of simulation results, denoted by Sim1 to Sim4,
and the proof presented in [12] one should expect thdiave been collected for three-trailer robot kinematitvs=£
direct application of (17)-(18) into unicycle kinematic®) ( 3) with trailers of lengthsZ; = 0.3m, i = 1,2,3. In
guarantees (under assumptions mentioned above) asyopteail simulations the following common values of control
convergence of error (7) in the sense determined by (8) fmarameters have been uséd:= 2 andk; = 1. The results
any initial conditione(qx(0)), gn(0) € D, outside the set have been presented in Figs. 3-6 and they are commented on
of unstable equilibria{ F(gn) = 0,e9 = (2v+1)7)|v € Z}.  in Section IV-B. Apart from the tractor inputsvg and vy)
According to (12) one concludes that application of théhe control functionsb,, and ®, have been shown as well.
inner-loop controller (11) with the outer-loop control fiin  On the X-Y plots the reference path has been depicted by the
tion (17)-(18) into nSNT kinematics guarantees presawvati dashed gray line. The last trailer has been highlighteddn re
of the asymptotic convergence result for the last traileteun while the initial robot configuratiom, has been highlighted
the same conditions. On the other hand, Eq. (12) does niotmagenta.
hold for approximation (15), thus generally one should not a) Smulations for nSNT robots. Examples Siml1l and
expect asymptotic convergence of error (7) if approxinratioSim2 provide the results for the nominal case where as-
(15) is used in the inner loop (cf. Section IV-B). sumptions Al and A2 are satisfied. nS3T kinematics of a
Worth to note that the path-following controller defined bythree-trailer robot has been used with all the non-zero-sign
control functions (17)-(18) does not involve determinatio homogeneous hitching offsets. In simulation Sim1 the fol-
of an instantaneous shortest distance to the path, whichlging parameters and initial conditions have been sefecte
required by the classical path-following control approacii;; =0.1m (@ = 1,2,3), v4 = —0.3m/s (backward motion
proposed in [14]. While the unique determination of thestrategy prescribed)y = +1, andgqy, = [0 — 1 0]T.
shortest distance usually imposes very conservativeicgestrThe results of following the elliptical reference path (23)
tions on the admissible curvature of the path and may kare presented in Fig. 3. For simulation Sim2 the following
problematic in practice, the alternative solution presdnt values have been choseh;; = —0.05m (@ = 1,2,3),
in [12] is free of this limitations. The main restriction of vy = 0.15 m/s (forward motion strategy prescribed)= +1,
the new method results from the fact that the desired patindgy = [0 —2 —0.8]T. The results of following the S-like
must be expressed analytically by implicit equation (5)Jugh reference path (24) are provided in Fig. 4.
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Fig. 3. Siml: the results for elliptical reference path in theckward Fig. 4. Sim2: the results for S-like reference path in the fmdvmotion
motion strategy for nS3T robot with positive hitching offséf.;; > 0, strategy for nS3T robot with negative hitching offsetsy{ < 0, i =
1 = 1,2, 3); initial robot configurationgy has been highlighted in magenta 1, 2, 3); initial robot configurationgy has been highlighted in magenta

b) Smulations for GNT and SNT robots: Additional  reader is referred to [7] for further details on the vehicle

two examples, Sim3 and Sim4, illustrate control perforneancfolding phenomenon).
for the approximated cases, where assumption Al is violated examples Sim3 and Sim4 illustrate that the control law
by constructions of the robots. Simulation Sim3 has beegnich utilizes approximations (15) generally leads only
conducted with the GNT kinematics where the first and thirg, practical stability of a closed-loop system, making the
joints are of on-axle typeL,; = 0.1m, Lp; = 0.0 (i = 1,3).  error (7) convergent only to some non-zero vicinity of the
The following parameters and initial conditions have beegigple equilibrium. It has been observed that a size of
selectedz; = 0.01m (i = 1,3), va = —0.3m/s (backward the vicinity is smaller for smaller values of approximation
motion strategy prescribed),= —1, andgo = [0 —~10]".  parameters;. Note that through approximation (15), time-
The results of following the elliptical path (23) are shown i gyglution of the joint angles is still acceptable, and the
Fig. 5. Simulation Sim4 has been performed with the SNEontrol signals remain bounded. Although, one observes
kinematics where all the joints are of on-axle tyde;; = relatively high picks in initial angular velocitiesu(0) ~
0.0m (¢ = 1,2,3). In this case the parameters and initial3o4 rad/s andw,(0) ~ —6512rad/s for Sim3 and Sim4,
values have been taken as follows:= 0.01m (: = 1,2,3),  respectively). This effect stays in agreement with the uppe
vg = —0.15m/s (backward motion strategy prescribetl}=  pound estimated in (13), where for the on-axle joint the
—1, andqo = [§ —1 —0.8]". The results of following the  Frobenius norm\/; depends on the inverse of approximat-
S-like reference path are provided in Fig. 6. ing parameter:;. Further, in example Sim4 where all the
transformation matrices had to be approximated by (15), one
can observe substantial grow in the noise-sensitivityether

The results obtained for the nominal case in examplgdumerical-sensitivity), which can be seen in the plot of the
Sim1 and Sim2 have shown asymptotic convergence of tifigst joint angle and the angular velocity of the tractor. Thi
path-following error toward zero. One can see continuitgensitivity is a direct consequence of relatively smallesl
and boundedness of the tractor control inputs, and trgelected for parametets.
boundedness of all the joint angles as well. Worth to empha- For comparison purposes, the error components
size that the motion strategy (backward/forward) has beef'(zx,yn)| and |eg| obtained for the four simulation
easily selected only by the sign of a value of longitudinaéxamples, have been presented in Figure 7 in a logarithmic
velocity v4. However, in order to avoid the so-callgehicle  scale. High (nearly exponential) rate of convergence tdwar
folding effect, the sign ofuy; must be compatible with the sign zero can be observed only for the nominal cases where
of the hitching offsets: sdmy) = —sgn(Ly;) (the interested the kinematics of nS3T vehicles were used satisfying

B. Comments to the results
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Fig. 5. Sim3: the results for elliptical reference path inlagkward motion
strategy for G3T robot with the positive second hitchingseff(L> > 0),
and with zero hitching offsets for the first and third joints,¢( = 0, i =
1, 3); initial robot configurationgp has been highlighted in magenta o

assumptions Al and A2.

V. CONCLUSIONS .
10
The cascaded control approach to the path-following task
has been proposed and numerically tested for N-trailelm,e
robots. Decomposition of the control law into the outergoo
unicycle controller and the inner-loop velocity transfation ;
allowed one to use the novel path-following control concept*

presented in [12]. The latter substantially facilitates@aiion

of the path-following task in comparison to the classical ™

method introduced in [14]. The main benefits of the cascaded
control law results from its simplicity and high scalalyilit
— a number of trailers influences only a number of matrix
multiplications involved in the inner-loop. It has been o
that by simple approximation of the inverse transformation(*!
matrices the cascaded control method, originally derived f
NSNT robots, can also be applied into GNT and SNT vehicle$s]
under the sign-homogeneity assumption for the hitching
offsets.

(6]
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