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Abstract

The paper presents a highly scalable nonlinear cascakegidith-following feedback controller for N-trailer rolwehicles
equipped with arbitrary number offeaxle hitched trailers. In contrast to the other path-feltwy control laws proposed in the
literature for N-trailer robots, the presented controlrapgh does not require determination of the shortest distéma reference
path. By introducing the so-callesegment-platooningeference paths, and under thign-homogeneitgssumption for hitching
offsets, the asymptotic following is guaranteed for both camtstand varying-curvature reference paths using eithekvoard or
forward vehicle motion strategy with a guidance point fixedtloe last trailer. The paper contains experimental resiitained
with a 3-trailer laboratory-scale vehicle.
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1. Introduction without clear physical interpretation of particular cahttom-
) ) ) o ponents. Mentioned properties may cause serious problems

The N-trailer vehicles (N-trailers), comprising of a trct  ith tuning and implementation of the controllers leadiog-
and passively interconnected trailers, are especialy@sting  5cceptable control performance in practical applicaticfisis
systems of exceptional practical meaning [9, 21]. Thre€lkin t seems, there is still a need for further investigationshis
of N-trailers with non-steerable axles are distinguishethe 5164 to provide new solutions with improved functionality i
literature: Standard N-Trailers (SNT) equipped solelywad-  the form of more practically oriented controllers charsiets
axle joints (mounted on the preceding wheel-axles) [20, 25]by application simplicity, acceptable performance, analasc

non-Standard N-Trailers (nSNT) with all the joints df-axle jjity with respect to a number of trailers present in a véghic
type (mounted i the preceding wheel-axles) [14, 32], and (see the comments in [31, 36]).
General N-Trailers (GNT) where the mixed on-axle arffi o
axle hitches are present in a vehicle chain [4, 29]. The path- Motivated by the above arguments, the author presents a
following (PF) control problem for tractor-trailer vehid has  highly scalable nonlinear cascaded-like control apprdacthe
been addressed by numerous researchers within the last - problem for the nSNT vehicles. A novelty of the proposed
decades. First, because the N-trailers are especidfiguli ~ concept comes from a combination of two components. The
to control as a consequence of their structural properties ( first one is a cascade-like control structure which leads to a
[4, 20, 35]). Second, the PF problem has an important paictic modular and highly scalable state-feedback controllerchvis
meaning in the tasks where the motion geometry is a key factorelatively simple in implementation. Scalability makestiais-
while time-execution of the task is secondary [1, 2]. ture and complexity of the new control law independent on the
Numerous works on the PF problem have been especially déumber of trailers attached in a vehicle. Although utiliaat
voted to the robots with strictly limited number of trailesee  Of the cascaded-like control paradigm into N-trailers i ao
e.g. [7,8, 13,16, 18, 19, 21, 23, 27, 30, 41, 43, 46]. Feedbackompletely new concept (it has been independently develope
control solutions to the PF problem for truly N-trailere(iad- ~ and presented for the backward pushing task in [36, 37]hfer t
mitting arbitrary number of vehicle segments) have been protrajectory-tracking task e.g. in [14], and for set-poinhtol
posed merely in a few works, namely in [48] for SNT robots, in [17, 32]), it is applied here for a first time in the context o
in [5, 6, 10] for GNT vehicles, in [9] for nSNT structures, the PF problem. The second component is the relatively new
and in [42] for the special kind of N-trailers with steerable PF control law originally developed for unicycle kinematia
axles. Control laws provided in the mentioned works result[39], which will be applied in the outer loop of a cascade. The
from application of diferent mathematical concepts, like the main advantage of the approach presented in [39] (cf. ab [1
chained-form transformation [48], or various types oféiriea- ~ comes from a new way of treating the PF control problem which
tion [5, 6, 9, 10]. Despite their theoretical soundness amd u removes fundamental limitations of the well known and wydel
questionable elegance, they often provide relatively deryp utilized PF control method introduced for unicycle-likeoots
only locally valid, or hardly scalable control laws, somegis i [47] (in this context see also [3, 22, 24, 38, 49, 51, 55)).
By defining the so-calledegment-platooningS-P) reference
paths, the newly proposed control law guarantees asyrptoti
" This work was supported by the statutory grant Ng19413 DS-MK following of both constant-curvature and varying-curvatg-P
Michi’:;ak')' addressmacie].michalekput . poznan.pl (Maciej Marcin reference paths using either backward or forward motiaat-str
Lsimilar control concepts have found applications also ireptireas of ~ €9y Of @ vehicle, with a guidance point fixed on the last traile
robotics, see e.g. [12, 28, 40]. In the paper it will be explained in what sense the new control
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law outperforms functionality of the PF controllers avhl&in
the literature for truly N-trailers with fé-axle hitching.

it may seem substantially limiting, however in practicaheo
structions of N-trailer vehicles, and especially N-traigbots,

This work is a substantial extension of conference papédr [33 combination of sign-heterogeneous hitches appears veslyra

2. Kinematics of N-trailer vehicles

The N-trailer (Fig. 1) comprises of aftirentially driven
tractor (segment number 0) and arbitrary numbeNdfailers
of lengthsL; > 0,i = 1,...,N, interconnected in a chain by
passive rotary joints. Location of thth vehicle joint is deter-
mined with respect to theé<{ 1)st segment by the hitchingteet
Lni. We restrict our attention to the N-trailers characteribgd
(i,je(d,...,N}p:

Al. Ly > O orLy < 0 with [Lyi| < Lj in the second case,
A2. sign-homogeneous hitching: s@iR{) = sgnin)),

whereLy; > 0 if theith joint is locatecdbehindthe wheel-axle of
a preceding segment (Fig. 1), abg < 0 in the opposite case.
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Figure 1: Kinematic structure of the N-trailer vehicle witkfihition of config-
uration variables and control inputs; the instantaneontece of rotation (ICR)
and virtual steering wheels (VSW) have been denoted forquéati segments

see e.g. [14, 16, 26, 37, 54].
Configuration vector of the N-trailer vehicle

A= [B1 ... BN O XuYN]T = [ﬁT QKI]T 1)

consists of a vector of joint anglgs= [B1 ... Bn]T € TN and
posture vectogy = [On Xy Yn]T € R3 of the last-trailer guid-
ance segmeht The only active segment is a tractor with control
inputug = [wo Vo] T € R?, wherewy andyg are the angular and
longitudinal tractor velocities, respectively (cf. Fig. Under
the rolling-without-skidding assumption one can treat &hy
segment of the N-trailer as unicycle kinematics

X =Vichi, Vi =Vish (2)
with virtual inputu; = [w; ] € R? wherew; andv; are
the angular and longitudinal velocities of tith segment, re-
spectively. Using basic velocity-geometry arguments it ba
shown that foi = 1,..., N holds

éi = Wi,

ui = Ji(Bi)ui-1,

e =[ 18 P @

LhiBi  GBi
whereJ;(Bi) is the transformation matrix. Sindg(s;) is always
invertible under assumption A1, one can write:

“Licg Llgg

The joint-angle equatiofii £ ¢,_; — 6, together with its time-
derivativei = wi_1 — w;j complete the set of basic equations
of the N-trailer kinematics, which can be combined together
obtaining the following drift-free system (see [32, 34]):

Ss(B)

B8]
a= [qN] - [st, qN)} Uo. ®)

where

c'I'1(B1) -
c'I'2(B2)J1(B1) ¢’ [Tin Ji(8y)

: , Sy=|d’ I—[}N Ji(Bj)chn

d" [Tj—n Jj(8))s0n

(6)
[10],

c"In(BN) [Tin1 Ji(8))

andl(8) £ 1 — Ji(8), | € R®?is a unit matrix,c™ £

Assumption Al restricts the set of considered N-trailers togr 2 [01].

the nSNT kinematics. Although Al excludes on-axle hitching

the most practical constructions of N-trailer robots egeipb
with single-axle trailers possess solefy-axle hitches (see e.qg.

[14, 26, 27, 36]). On the other hand, nSNT kinematics with

N > 1 do not belong to the fferentially flat systems, see [45],
thus generally a control design problem cannot be solveuisn t

3. Reference signals and control problem formulation

3.1. Definition of reference paths and reference joint asigle
According to Fig. 1, the last trailer (guidance segment)yis b

case by the use of a chained-form transformation willingly a definition distinguished in the context of a motion task. ust
plied into N-trailers with on-axle hitching. The lengthsradg- ~ define reference signals for the guidance segment by failpwi
ative hitching dfsets have been delimited in A1 to the practical ("€ concept presented in [39]. The reference positional pat
range. Assumption A2 is necessary to ensure stability of th@ motion plane can be defined by equation
vehicle chain in a closed-loop control system proposed én th A

sequel (see Section 4). A2 reF;tricts the }slet of apdm[i)ssibﬂaTnS FOoy) = ofey) =0, oel=L+1,
constructions to those, in which all the joints are mounitdtee
behind or in front of the preceding wheel axles. In a first view

2

(7)

2For compactness we will use the notation: = cose, s = sine.



where o is a binary decision factor (design parameter), thecompatible with the reference path. Assume then, that for a

meaning of which will be clarified in the sequel. Accord-
ing to [39], one assumes that functiéi{x,y) is well defined
for (x,y) € D c R? i.e.: F(xy) is bounded and at least

twice differentiable ensuring existence of partial derivatives

FX(X7 y) é 8F(X7 y)/axa Fy(X, y) é 8F(Xa y)/aya F2122(X7 y) é
0°F(X,Y)/021022, 71,22 € {xy}, and gradientVF(x,y) =
[Fx(x, y) Fy(x, y)] is non-zero:|| VE(x,y)|| > 0 for (x,y) € D.
Reference orientation

Ba(x,y) & Atan2c(—FX(x, y), Fy(X, y)) eR, (8)

determines tangent direction to reference path (7) at (frigy,
where Atan2¢-,-) : R x R — R is a continuous version of the
four-quadrant function Atan@, -) : RxR ~ (-, z] introduced

to preserve continuity of orientation error in (10) (cf. Agylix
A). Decision factoro introduced in (7), and included in partial
derivativesF, andFy, determines a desired quadrant for refer-
ence orientatiofy(x, y) along the positional path. Formulas (7)
and (8) determine a feasible reference path for unicycle-kin
matics respecting nonholonomic constraints imposed By (2)

given reference path described by (7)-(8) there exist wnigt:
erence functions
Vs 7T)N

Bol®) = [Ber(® .. Ben(0] € (5.5

which determine desired evolution of the vehicle joint a&sgl
for the case of 'perfect output tracking’ (cf. Remark 1). By
combination of joint-angle dynamics from (5) with iteragly
applied formula (4) it can be found that reference functidig
shall satisfy the following dferential equation

(11)

N
Ba=SBa) | |37 Bap@”, @ =[0, @],  (12)
=1

where®* is the nominal guiding velocity. It is well known that
for the constant-curvature reference paths (circular aoti-r
linear ones) the reference functiofig(t) = Bgi =constYi,
and for the rectilinear path8y = 0 (see [11, 35]). In the
case of varying-curvature reference paths the nominal-guid
ing velocity ®* is non-constant implying thg8y(t) is a time-

Since the last trailer has been selected as a guidance segmerarying 'steady-state’ solution of (12). Finding analgiiforms

postureqy can be treated as a generic output of system (5)

9)

As a consequence, the path-following error will be definetth wi
respect to the generic outpgy as follows:

2 |F(an) o f(xn, Yn)
&) = [%(QN)} [QN = 6a(Xn, YN)

wherexy, yn are position coordinates of guidance pdhfcf.
Fig. 1). Componenk(qy) in definition (10) can be treated as a
signed distance valugsee [39]) determined between guidance
point P and a reference path, sinééqy) = O only if P is ex-
actly on a reference path (however in genefgl)y) is not the
Euclidean distance). Compone®{qy) is the orientation error
evaluated atyy. Evaluation of the PF error (10) at any posture
gn does not require determination of the shortest distance to

y £ On = [O3><N |3><3] g=Ca.

4

] e R?, (10)

reference path as it was needed in the classical approabh to t

PF problem introduced in [47]. This fact has substantiatipra
cal meaning, because determination of the shortest distanc
a path of a general shape is the modiclilt issue and limiting
factor in practical applications of classical PF contndle

Remark 1. Since a reference path defined by (7)-(8) is feasi-
ble for unicycle kinematics, one may assume that there exi$

some nominal velocity functiords;,, ®; which guarantee per-

of functions (11) in the latter case is a non-trivial taskafifall
possible), because nSNT kinematics is nditedentially flat for
N > 1 (cf. [45]). However, it will be shown in the sequel that
knowledge about explicit analytical forms of functions Y14
not needed in our case, because anglgs will not be used in
definition of the cascaded-like controller proposed in thpay.

3.2. Segment-platooning (S-P) reference paths

From a set of all possible constant- and varying-curvature
reference paths, with reference joint angles (11) beingua so
tion of (12), let us distinguish a subset of the so-caflegment-
platooning(S-P) reference paths, along which

Vt>0 vgiia(t) - vgi(t) > 0, i=1,...,N, (13)

wherevgi(t) andvgi_1(t) denote the reference longitudinal ve-
I%cities of, respectively, thigh and ( — 1)st vehicle segments
along the reference path resulting from relation

N
Wdi| @) 1./p \|@Wdi-1| &) “1n  \d*
[Vdi] = J.(ﬂd.)[vdi_l} 211 9t 6ape,

j=i+1
where®* = [®! ®;]T denotes the nominal guiding velocity,
and fwgn Van] T = [@F @;]T. Condition (13) means that the
gference longitudinal velocities of every two neighbgrire-
hicle segments are non-zero and have the same signs along the

(14)

fect guidance of the unicycle along the reference path with d€ference path (all segments persistently move eithenizack

prescribed longitudinal velocity determined @,. In other
words, there exist feedforward velocities = @;,vy =
which applied into (2) with i:= N ensure thae(gn(t)) = 0
forallt > 0Oif gu(0) is exactly on the path (perfect output
tracking’ case). Function®;, ®; will be called hereafter the
nominal guiding velocities

%

w

Generic output (9) and PF error (10) strictly refer to thedgui

or forward — segment-platooning persistently excitingrefce
motion). It can be shown (see Appendix B) that satisfaction o
(13) for reference joint angles (11) is equivalent to geaitait
condition

Vt>0 tandg(t)tanBg(t)+1>0, i=1,....N, (15)

wheredgi(t) denotes a steering angle of thb virtual steering
wheel along a reference péttwhile tandq;(t) = L; kgi(t) with

ance segment only. For the purpose of stability analysis pre(t) = wgi(t)/vgi(t) is a reference motion-curvature of tté
sented in Section 4.3 let us complement a set of referenee sigehicle segment along a reference path (see Fig. 1). Most pra

nals with reference joint-angle®;, i = 1,...,N, which are

3In spite of technical modifications resulting from inclusiafrbinary factor
o in (7) and from using Atan2g,.) in (8), the above definition of a reference
path conceptually corresponds to the original formulatiespnted in [39].

tically useful paths satisfy (13). In particular:

4The concept of virtual steering wheels (VSW) has been inteduby
Altafini in [4]; VSW are denoted in Fig. 1 together with anglgsfor exem-
plary motion conditions.



I. Rectilinear paths always satisfy (13) because in thig casEquation (18) determines how the guidance-segment vglocit
Bdi = 64i =0 foralli—1,...,N, and (15) isme¥t > 0. uy = [wn Wn]T may be forced by the tractor inpup. Since
. . . (18) is a purely algebraic mapping which depends only on the
. qu c[culér pgthsr; It cah _be Ehov[n_ thgt (Sf_e A_ppeLnFilx B)currentjoint—angleﬁ, velocities of the last trailer can be instan-
;/_dr'{l _1§d'.'p" yvf_e:je? _I (_ ' +O h':fdg/.( 'C’Bd'h+ Idhl)'lf' taneously forced with the tractor control inputs. Equatib8)
us (13) is satisfied if only; > 0, which in turn holds if: defines in fact a velocity transformation with feedback frama
a) (Lni > 0) A (1Bail < 7/2) fori = 1,...,N, whichis  glesp(t), whereuy anduo can be treated, respectively, as an
met for reference angles (11) under assumption A1,input and an output of the transformation.
Consider the guidance segment as the unicycle with virtual
b) (Ly 0) A (ILpi Li) A (Bai —vi,7vi)) where .
) i < O) A (Lnil < Li) A (Bai € (=i, 1)) control inputuy (cf. (2)). Suppose that some feedback control

i = arccos|Lnil /L;)) fori = 1,...,N; this case is oo
Yl il /L)) function is given

compatible with assumption Al but confines the ad-
missible reference joint angles to the subset of (11)
because; < n/2 ifonly Ly # O.

Ill. For curvature-varying paths, satisfaction of (13) geaily ~ Which, when directly applied into the unicycle input, eresur
holds for stficiently smooth paths (without cusps), along satisfaction _of convergence conditions (16) for the rafeee
which anglesqi(t) andégi(t) either have the same signs Path determined by (7)-(8). As a consequence, (19) repiesen
or at least one of them is ficiently small (to meet (15)) the PF controller devised for unicycle kinematics; a patéc
when they have opposite signs. In general, it @dlilt form of function®(e, -) will be given in Section 4.2. The idea
to say a priori which exactly varying-curvature paths sat-'S t0 use (18) and forcey = ®(e, -) by taking
isfy (13). However for a particular considered reference N
path determined by (7)-(8)_, satlsfa_ctlon _of (13) can be eas- Uo(B, ®) 2 l_[ Jj—l(ﬂj)q)(e’ ). (20)
ily checked before the vehicle motionf{dine) by solving i1
numerically equation (12), and next by using transforma- _ _ _
tion (14) for corresponding guiding velocith* (see Sec- Equation (20) represents the cascade connection of the-inne
tion 4.3 and plots in Fig. 3). loop transformation defined by (18) and the outer-loop PF con

) troller (19) devised for unicycle kinematics with feedbdickm
From now on, the S-P reference paths will be of our par4 o, (10).

ticular interest. It will be shown in Section 4.3 that deblea
behavior of the vehicle chain (in the sense defined by (1) cay o Outer-loop controller
be guaranteed for the reference paths which are of the SeP typ

D) = [D,e) fe)| €RZ (19)

In general, control function (19) can be defined iffetient
3.3. Control problem statement ways — exemplary propositions of PF controllers for unieycl
. ) : kinematics can be found in [3, 22, 24, 38, 47, 51]. In our case,
Having defined the reference signals, let us state the path- - .
following control (PFC) problem, one proposes to apply the_ PF contrql Iaw orlglnall_y preskime
[39], which does not require determination of the instaatars
Definition 1 (PFC Problem). For kinematics (5), satisfying shortest distance to a reference path (in contrast to tissickd
assumptions Al- A2, find a feedback control layB, e(qn),-)  approach introduced in [47]). This property is practicaitty
which for the reference paths represented by (7)-(8) and (11portant, since finding the shortest distance to a path of argén

guarantees convergence of PF errors shape may be flicult and computationally costly. Moreover,
_ ) its unique determination requires that the initial positaf a
lim F(an(®) = 0, lim ey(an(®) = 27, 1 € Z, (16)  vehicle is constrained to a vicinity around a reference path

size of which is smaller than a doubled absolute value of the
smallest reference curvature-radius along the path. Gldatw
B2 By—pB inthesense: lim B(t) = 0. (17)  Pproposed in[39] is free of the mentioned limitations.
oo Following [39], the outer-loop controller (19) can be define
Definition 1 states the PF task as an input-output controfs follows
problem, where the generic output (9) should be stabilized N E [‘Dw(e’ Va) , (21)
around a reference path, whi@part of kinematics (5) is Dy(va)
treated as internal dynamics which shall be stabilize@qat  with
Such a prioritization of a motion task has strong practioat j ko Dy(va) F(a)
tification in the field of long articulated vehicles and hase @, (e vq) £ —k; || VF(qn)Il %2 OulVa) PG
treated in the literature [9]. v1+F2(an)

— K [0y (V)| [Fx(an)CO + Fy(an)Sn | + 6. (22)
Dy(Vg) £ vg = const vy £ 0, (23)

entailing asymptotic stability of joint-angle error

4. Cascaded-like control law and the main result

4.1. Derivation of a cascade-like control structure .
. . . whereF = Fy(Xn, YD), F = F,(Xn, Yn), codiicients
Under assumption Al one can utilize propagation formula () = P yn)s Fy(an) =y yn)

(4), which applied iteratively for = 1,..., N yields ky>0, koe(0,1] (24)
N
_ “1p.
Uo(ﬁ) = H ‘]i (ﬂl)uN‘ (18) SDefinition (22)-(23) is equivalent to the original formutai proposed in
J:

[39] for the special (but most common) case wh&{e= vq = const.



are the design parameters, and (e

B = Dy(va) F1(gn)con + FZ(ZQN)SHN’ (25) F(x,y) . o 59)
IVE(an)l cutepioop | DXEBP| merioop | Uo(BP)| N |y
F1(an) = Fx(an)Fxy(an) — Fy(an) Fxdan)s (26) AN ol o, @) | kinematics
Fa(an) = Fx(an)Fyy(dn) — Fy(an)Fxy(an)- (27) ;
cascaded-like  inner loop
For the purpose of further considerations and in order td ind pooralles !
cate original properties of the PF controller (22)-(23) witds outer loop
directly applied into unicycle kinematics, let us recak timain
result of work [39] in the form of a lemma. Figure 2: Block scheme of the proposed PF controller for nSobbts

Lemma 1 (upon [39], Th. 2). For the reference paths deter-

mined by (7)-(8), direct application of control functior@2)-  F(X.y). The outer-loop PF controller is responsible for com-
(23) into unicycle kinematics (2) with N by takingwy := puting the instantaneous control functide, vy) upon the cur-
by (16) for any initial conditiore(gy(0)) with (xn(0), yn(0)) € tion ®(e,vq) determines instantaneous velocities, which would

D, outside the set of unstable equilibridF(qy) = 0,e, =  9uide the last trailer toward (and then along) the referqratk
(2n + L)y € Z). if d(e vy) is directly forced on virtual inputiy. The role of

the inner-loop transformation is to on-line recompute gijo
According to above result, it is not fiicult to check that ®(e, vy) into instantaneous control inpug for the tractor seg-

along the reference path(0, vq) = ®* = [®} ®;]" with nomi-  mentupon the current values of vehicle joint angledpplica-
nal guiding velocities tion of inputup(B, @) into the tractor makes the last trailer move

in a way as it would be directly driven by functio®(e, vq).

@ = D,,(0,Vg) = Vg Fa(an)Fy(an) - FZ(QN)FX(qN), Worth noting that the control structure in Fig. 2 remainsdal

¢ | VE(aqn)I? (28)  regardless a number of trailers present in a vehicle chain. A

D = vy change of the trailers numbeffects only a number of matrix-
) multiplications used in transformation (29). As a consemee

4.3. Main result the proposed controller is highly scalable, and reconfiipma

Proposition 1. Cascaded-like state-feedback PF controller  of the control program for dierent numbers of trailers can be
easily automated.

N
Uo(B, (e, Vo)) = l_[ I B)®(e Vo) (29)  Proor or ProposiTion 1. First, let us examine closed-loop be-
=1 havior of the guidance segment. In the closed-loop system
with ®(e, vy) defined by (21)-(23) solves PFC Problem for any 1 N
initial condition e(qn(0)) with (xy(0), yn(0)) € D outside the uy &2 1—[ 3,) l—[ 3718 ®(e Vo) = D& Vo).
set{F(an) = 0,& = (27 + 1)n)in € Z} guaranteeing local =N i=1
asymptotic stability of poing = 0 for the S-P reference paths

under the following conditions: Hence, application of control law (29) makes the guidange se
. ment move in a way as it would be directly controlled by the
cl. sgrfva) = —sgn(Lni), Vi=1,...,N, outer-loop function®(e, vg). Now, one can apply Lemma 1 to

conclude that control law (29) guarantees satisfactionl6j (
for initial conditionse(gn(0)) constrained to the domain pre-
scribed in Proposition 1 (outer-loop dynamics inherit @ies

of the PF control loop proposed in [39]). The above conclusio
It will be shown in the proof of Proposition 1 that condi- is valid for both constant-curvature as well as varyingvature

tionsc1andc2are required solely to ensure asymptotic stabilityéférence paths. _

of joint-angle error (17) — they do noffact convergence (16) S_ec_ond, let us show boundedness of control function (29_).

for PF error (10). Under restrictiond, the guidance segment Claiming .the boundedness of the PF control law proposed in

can follow a reference path either backward iflajl are posi-  [39], one infers

tive, or forward if allLy; are negative, keeping location of the S <

guidance point on the last trailer. Since veloaityis selected V=0 PE(aN(). Va)ll < dmax < oo, (30)

by a designer, it is always possible to make a selection whicBnd in turn

satisfiescl. Furthermore, the upper bounds imposed by con-

dition c2 on the norm of nominal guiding velocitp* and its 29)

: - : Uo(B, @)l =

time-variability concern only the varying-curvature nefece Il Uo

paths. Conditiorc2 means that Proposition 1 admits the S-P

varying-curvature reference paths which aréisiently slow " 2 2 A

and smooth. where the nornM; = \/(1+ Lj,uj)cﬁj + (/1]- + Lj)sﬁj, MHj =
Figure 2 presents a block scheme which clarifies the proi/Ly;, of matriij‘l(ﬂj) is bounded under assumption Al.

posed PF cascaded-like control structure for the nSNT sobot  Next, we shall consider stability of the joint-angles emigr

Reference path is uniquely determined by the form of fumctio namics in the closed-loop system. To this aim, let us provide

5

c2.Vt > 0 |@*() < & and || @) < 62 with syfi-
ciently small constants;, 5, > 0 for the case of varying-
curvature reference paths.

N
[ ]9 6oEvo)
j=1

N
< 1_[ Mjdmax < oo,
j=1




some useful auxiliary relations which can be obtained bgalir the non-zero fi-diagonal elements take the form
computations:

1+ % T 1 o il 1
6 R i - . L - . *
TiBa) 21 - 3i(Ba). (31) = [ %idih ] jl;llJJ (B [—L| d] jl_|_+[1JJ (Ba)®
ris) D Tiga - 5) €1 - 3Ba)RuB).  (32) (44)
— 17) . _ ~ _ ~
7B & 37 (Bai — Bi) = I Ba)Ri(By), (33) fori=1,...,N-1,l =i+1,...,N, and theth row of B(8q) is
where N
5 1 51 bl = [+ =Py Sall 13:2By), i=1,....N.
Rhi(Bi) é[ QGI 5 L—m§8|}’ Ri(,éi) s QB|~ E§8']7 i [( L ) L ]1;[ j (,ij)
-LhisBi B -Lissi B
andRy;i(0) = Ri(0) = I. Define the outer-loop control ér- Linear system (40) locally approximates internal dynamics
ence of the closed-loop system. Under the "perfect output tragki
2 o - de ) (34) conditions, i.e. foe(qy) = 0 and® = 0, system (40) takes the
’ form ,
where®* = [} ®]]T = ®(0,vy) with components resulting B = A(By, @) B (45)

from (28). Taking a time-derivative of errgt defined in (17), . ]

and then utilizing (5), (12), and (34) allows one to write the@nd locally approximates zero-dynamics of the closed-&ysp

joint-error dynamics in the following form: tem. Stability of dynamics (45) # = O results from properties
of matrix A. SinceA(Bq, ®*) has the upper-triangular structure,

X B - _ ~ ~ the eigenvalues;(A), i = 1,..., N are equal to its diagonal el-
_ 1 . * 1 X . *

B = S(Ba) H 377 (Baj)®@" =S5 (Ba-P) H I Bai=F)( @ =®).  oments. Recalling (42)-(43) and (14) one can find

j= j=

N N (35) Vai-1(t)  sgnlai-1(t)) [Vai-1 ()]
It is clear that the pair§ = 0,® = 0) is an equilibrium of @i = I|_hi - I Lni I =l

dynamics (35). Recalling the form of mati® (cf. (6)) and by
utilizing formulas (31)-(33) one can obtain dynamics ofithe ~ For S-P reference paths we can utilize assumption (13),hwhic

joint-angle error together with conditiorr1 allows us to write foii = 1,..., N:

Bi = i (Bin.Ba. @) + GBin. e ®). i=1....N. (36) ai = 59n0) Mia®) _ ~Naia (] -a, (46)

Lhi Ll
where . o y
Bin = [BiBist - Bl (37)  where t
and a=_min {inf Vd'_—l()’} > 0. (47)
ie{l,...N} | t=0 I—hi
N
fi=c (I - Ji(ﬁdi))ﬁ I (Baj)@" Hence, (46)-(47) indicate that all the eigenvalues of matri

A(Bq, @*) are real-negative for any S-P reference path.
N For the constant-curvature S-P reference paths (reciline
— ¢ (I = Ji(Ba)Rni(B) JY(Bs)Ri(B)®*, (38) and circular ones) the reference angles (11), velobityand

( DR )l;[ ! S all reference velocitiegy;, i = 0,..., N, are constant (cf. (14)),

j=

N thus matrixA(By, @) becomes time-invariant. In this case, lo-
g=c (| _ Ji(ﬁdi)Rhi(’éi)) 1_[ Jj—l(ﬂdj)Rj([gj)@ (39) cal exponential stability of zero-dynamics (45)8at O results
=i directly from (46)-(47).
. . In the case of curvature-varying reference paths, the-refer
Upon th'e forms of functions (38)—(39) one can recognize theence angles (11), velocip*, and reference velocitieg;(t),
upper-triangular structure of equation (35). For the psepo ; _ 0,....N, are generally varying in time. As a consequence,

of stability anglysNis, let us linearize (35)_ at equilibriL(m = ABq(t), ®*(t) = A(t) and asymptotic stability analysis for
0, @ = 0) treatingp as a state, an® as an input. We obtain: LTV system (45) is more involving. In this case, one can z#ili
pe 73 = aresult recalled in Appendix A in the form of Lemma 2, which
= A(B4, @*)B + B(By) D, 40 X ) - o
B (Ba. )5 + B(Ba) (40) provides sticient stability conditions for LTV systems. Let us
with analyze satisfaction of all the conditions required by Learin

ay an ... am bT Recalling the for_m_ of m_atriA(ﬂd(t), @*(t)) in (41) an_d com-
0 am ... & b% ponents (42)-(44) it is evident thfaj(ﬂd(t),o*(t))| <a< oo,
A(Bg, @) = | . o |, BB = 2], (41) LJjef{l....N} forallt>0underassumption Aland by using
: : o : (30) for®(0, vq) = ®*. As a consequence,
0 0 ... awn b-l{l _
| A(Bq(t), ®* (D)) < A< 0, Yit>D0.
where diagonal elements of mati(By, ®*) are

N
aj = I-Lﬂ %] 1_[ \]j—l(ﬂdj)q)*’ i=1,...,N-1 (42) Since (46)-(47) hold also for the varying—.curvature S-Rref
" ma ence paths we havi(A(By(t), ®*(t))) < -, i =1,...,N, and

j=i+1
C [LaBan PBan | e 43 it remains to analyze time-variability of matri&(B4(t), ®*(t)).
anN = | L, m] @, 43) 7o this aim, one can writej(Ba(t), ®*(t)) = ag;Ba + aj; @,



i,j €{1,...,N}, whereaj; £ 9aij /P4 andaj; £ 9ajj /0D
Under assumption Al and using (30) one claims (cf. (42))44)
il < o < oo, ||| < 64 < oo (48)

Recalling (12) one can (conservatively) assess

N
1Ball < || SsBa) | | 357 Banf| @l < 5pli0°ll,  (49)
=1

where 0< §z < co under assumption Al and due to the form of
matrix (6). Now, under condition2 and according to (48)-(49)
we can write

Vt>0  |aj(Ba(t). ® ()| < 0ij 95 01 + 4ij 62 < o0,
and consequently (with-|| denoting a spectral norm, [50])
V=0 || AQBa), @ 1) <N rrily?XIaj(ﬁd(t),Q*(t))l
< N (i 0 01+ 64ij 52),  (50)
wheredg; = max j(54;) andds; = max j(J,;). Now, the right-

hand side of inequality (50) can be made small enough tdgatis
(C.1) by providing stficiently small constant§; andé, (as in

binary set introduced in (7)) allows rescaling functiorx&y)
and gradientVF(x, y), influencing in this way the convergence
rate of PF error (10). In this context, componentdy) in (10)

for |o| # 1 shall be treated now as thecaled signed distance
valug while|o| can be used as an additional design parameter,
helping one shape transient states in the closed-loop syste
Exemplary plot of surface (%,y) = o f(x,y) for different val-

20

%
)
o
M

%
7
7
) A
4

condition c2), and consequently guaranteeing local exponen-

tial stability of (45) atB = 0in the case of varying-curvature
reference paths. Worth noting that (50) is fairly conseveat
because it expresses thefatient but not necessary condition
for stability of (45), see [56].C

In order to validate theoretical forecasts formulated ioger
sition 1, and formally considered in the Proof, two sets ofisi
lation results have been presented in Fig. 3. The plotgridtes
time evolution of path-following errors, joint-angle erspand
reference longitudinal velocities in two cases: for thestant-
curvature (circular) path, and for the varying-curvatieHiti-
cal) reference path. Reference joint angles (11) were ctedpu
by numerical integration of equation (12) substitutidg :=
[64 va] " and takingB4(0) = 0, while reference velocitiegy;(t)

were computed updn(14). The results have been obtained for

the nS3T kinematics selectimgf0) = [03,; 0 — 0.5 0]", and
using the common parameterk; = 0.25m, Ly 0.04m,

i =123, vy = -03nys,0 = -1, andk; = 2, ky = 1.
Both reference paths have been defined by taKipgy) :=
(X2/A%) + (y?/B?) — 1 with A = B = 1 for the circular path,
andA = 2, B = 1 for the elliptical one. Worth stressing that all
the errors plotted in Fig. 3 asymptotically tend to zero Hoth
constant-curvature as well as for varying-curvature esfee

path (see also [33]). The plots in the last column in Fig. 3 re-

veal that in both cases the reference paths are of S-P tyype, si
all reference velocitiesy;(t) have a common sign compatible
with Vg3 = @ = vq = 0.3 nys.

Remark 2. According to work [39], factorr in (7) determines

only a sign of function Ex, y) and, as a consequence, the quad-
rants in which reference orientation (8) is defined. Howgver

it turns out that selection of- € R \ {0} (in contrast to the

6Sincefy(an(t)) — Pu(0,Vvg) ast — oo, signalsvgi(t) computed numer-
ically include transient components which are negligibly Brafter about 13
seconds in case of simulations shown in Fig. 3 (after this tig(&) well corre-
sponds to true reference velocities along the path).

Figure 4: Surface = F(x,y) = o f(x,y) with f(x,y) = 0.25x% + y? — 1 for dif-
ferent values of factar; intersection of the surface with plame- 0 determines
the elliptical reference path (cf. (7))

ues of factow has been presented in Fig. 4. It is evident thrat
does not change a shape of the reference path (in this case the
elliptical one), but it only gects values of E,y) and its slope
around the path.

Fig. 5 illustrates the influence ¢f| on vehicle motion char-
acter and on the convergence rate of PF errors for the el-

path for o] = 1

E
1k o E — — —pathfor|o|=8
> — =TT T = 1
/// T~
e N
05F A N
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Figure 5: Comparison of paths drawn by the guidance @®grd convergence
rates of PF error components for two selected valugs|af the case of ellipti-
cal reference path (the same initial vehicle configuratj@) has been assumed
for both cases)



Circular reference path:
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Figure 3: Time-evolution of path-following errofs e, joint-angle errorgg; = Bgi — Bi, i = 1,2,3, and reference longitudinal velocitieg, i = 0,1, 2 for the

constant-curvature (circular) and varying-curvaturég@tal) reference paths (velocitieg;(t) have been numerically computed upon (14) and (12B§¢0) = 0)

liptical reference path (instead of (n(t)), the time-plots of with respect to valugsigns of hitching fsets present in a vehi-
f*(an(t) £ F(gn(t))/|o| have been presented to ensure thecle chain. The 'ghost-vehicle’ approach seems admit atyitr
same scale for both signals). It can be seen that by incrgasin hitching dfsets, however it dters from substantial complexity
value ofjo-| one can speedup convergence of PF errors. A direc{low scalability) of controller equations, and was anatyze
consequence of the higher convergence rate is less smoeth ni@0] only for N < 2.
tion of a vehicle when entering a reference path. Thus inprac Especially beneficial properties of the cascaded-like con-
tice, selection ofr| shall result from a compromise between ex-troller have been highlighted in bold in the last column. c8in
pected convergence rate of PF errors and desired smoothnesge new control law does not utilize the linearization cquici
of vehicle motion within a transient stage. can be globally well defined if only a reference path is sueth th
Y (%Y) [IVFE(xy)I > 0 (in contrast to comparable controllers
4.4. Comparison of the proposed controller with other mdtho

Let us qualitatively compare the proposed method with-alter

native feedback-control approaches available in thealitee. B e e ey
We will consider only comparable methods, i.e. those which sl gy | sl ()
are devoted to the PF motion task for truly N-trailers (adingt approach: [10]
arbitrary number of trailers) equipped witfi-@xle hitches and ~ F**"*!
fixed (non-steerable) wheel axles (NSNT or GNT vehfiles  copsceres GNT ST ey SNT nSNT
The literature is very limited in this area, and to the author veniles L 20tor Croonz [Looveores | Loovee
best knowledge it is virtually represented by works [5, 6,@, Gonsidered  Linworly | or "o “or
One shall note that the control task defined in [5, 6] is cotep onrstictors) | LRErNT | LAOIO | LeOVRO

. . . Admissible constant for [6], constant
ally different when compared with a more classical approach t( cunatures of constant and constant constant and varying
the PF problem presented in [9, 10] and in the current paper. | :;::T;:aths vanng for ol (oened P00
[5, 6], the task is not defined with respect to a single guidanc motion strategy: F for [6] ForB F(PO)ifL,#0 | F(»0)ifL,<0

X N F = forward F or B for [5]
segment, but concerns simultaneously all the vehicle setgme | B =backward

which have to be kept as close to the reference path as p@ssik CSuidance point no single

B (v<0)ifL,>0 B (v<0)ifL,>0

X X . location: . guidance point onLT on LT for v<0 onLT

in the average sense. This concept may be useful e.g. in th {Lfastraler  ~ oorclssca on TR for v>0

case where the whole N-trailer has to follow along a road of delormined by deformined by defermined by oc ke ont rom
a limited width, while the classical approach is more apgrop  conoliow Moocmione | 'eomtone’ | "oomaions’  points where
ate to the problem of precise following a desired contouth(pa  “™*" Gkl and path andpath T e
by an implement located on the guidance segment. The tabl gy local, asymptotic  local, asymptotic  local, asymptotic | local, asymptotic

presented in Fig. 6 provides qualitative comparison of I@nt | ,.emination oy .y o
. . . needea for needea for needed tor
laws with respect to ten selected features which are impbrta | githeshortest 5 venicle | the guidance the guidance not needed

distance to the segments segment segment

from either theoretical or application perspective. It barseen  reference path

that all the considered control laws have some limitatiafs)  sovasiy o low high high
Controller tuning simple simple simple very simple

"Therefore we do not discuss control laws proposed in [46,a48] [42] ] o ] )
which are devoted, respectively, to thefeientially flat SNT kinematics, and ~ Figure 6: Qualitative comparison of the proposed cascaitedebntrol law
to the multi-steered N-trailers (for the latter ones see f2p53]). with alternative PF control methods devised for N-traileithwff-axle hitching



which are generically local). Only the proposed controllerequipped with TMS320F28335 digital signal processor allow
admits varying-curvature reference paths, simultangonst  ing for computations of control law (29) entirely on a vekicl
requiring determination of the shortest distance to thdir.pat board with frequencys = 100 Hz.

Thanks to the cascade-like structure, scalability of ttoppsed Angular velocities of tractor wheels are directly contedlby
controller is high. It means that complexity of equation)(29 two PI-type velocity control loops implemented on the board
does not depend on a number of trailers present in a vehicldence, directly available control input to the tractor iseator
chain (in contrast to the controllers with low scalabilityhich

have to be analytically resolved for the particular numbker o O, = [wdR
trailers). Control performance guaranteed for the guidaey- WL

ment and tuning simplicity of the control law are fully infted ) .
from the the outer-loop controller designed for unicycleeki Wherewar andwy, denote desired angular velocities for the

matics in [39]. It makes the tuning process for the N-traster "19ht and left tractor wheel, respectivelys(8, ®) has been de-

simple as for the unicycle preserving original control perf ~ fined by (29), whileb = 0.15m andr = 0.029m are the trac-

mance for the guidance segment (it explains descriptiory ve tOF Wheel base and the tractor wheel radius, respectivély (c

simple’ in the last row in Fig. 6). On the other hand, resultan Fi9- 1). To take into account actuator limits of the tracts;

control performance obtainable with linearization-based- ~ SUMe thatwar(t)l andjwa (t)l should not exceed in practice

trollers substantially depends on poles location of theafie ~ SOMe prescribed boundy > 0 for all t > 0. To address this

loop dynamics; in this context, some practicafidulties with  Imit the following scaling procedure has been applied:

tuning of the controllers were reported in [9] and [10].

Practical restrictions of the proposed controller resfutim Qqs(t) = Qd—(t) s(t) £ max{l; |wd—R(t)l; M} (52)

the fact that a reference path must be expressed by equd}ion ( S(t) “m “m

Therefore_, the non-analytical paths shall be first apprexéu wheres(t) is a scaling function such thaft) > 1 for all t > 0.

by analytical formulasf(x,y) = 0 to be tractable by controller procedure (52) guarantees that components of scaled angula

(29), cf. [39] for additional details in this context. velocity Qq4(t) satisfy prescribed boundy, for all t > 0, si-
multaneously preserving desired motion curvature of adrac
Scaled velocities of the tractor segment may be retrieved by

b
- Pu.®). P= [_zrg
2r

il

], (51)

5. Experimental verification inverse relation to (51), namelyugs(8, ®) = [wos Vos]T =
P1Q4s = uo(B, @)/S(t), where the last equality results from
5.1. Brief description of the experimental vehicle combination of (52) and (51).

Figure 7 presents the laboratory-scale articulated rolveti 5.2. Results and comments

hicle used in experiments. The vehicle consists offeedkn- T . E1 and E2. h b d d o il
tially driven tractor and up to three passive trailers ofgliis Wo experiments, an » have been conducted to illus-

L = 0.229m,i = 1,2,3. Joint angles are measured by 14.trate control performance for varying-curvature S-P refee

bit absolute encoders. Localization of the guidance segmergaths' The following common parameters have been selected
is possible by an external vision system thanks to the activi?" POt tests:Ln = 0.048m,i = 1,23, vq = -0.05ms,
LED marker mounted on the last trailer. The vehicle has bee!:Lnd Wm = 10rads. Experiment I_El was carried out uAsmg
the elliptical reference path by taking = +1 and f(x,y) =
(X%/A?) + (y?/B?) — 1 with A = 0.7 andB = 0.5. The outer-loop
controller was implemented with design ¢beentsk; = 2 and
k, = 1. Experiment E2 was performed for the sine-shaped ref-
erence path by taking = —1 andf(x,y) £ y — Bsin(AX) with
A = 5.0 andB = 0.3. In this case the outer-loop controller was
implemented with design céiicientsk; = 20 andk, = 1.
The results of experiments E1 and E2 are presented in Figs. 8
and 9, respectively. Apart from illustration of the robottina
in atask space, also the time plots of path-following erFoes,
joint angles3;, i = 1,2, 3, scaled tractor velocitiasgs, Vos, and
guidance-segment velocitiess, v3 have been shown. Worth
noting that initial positions of the guidance segment intthe
experiments were selected in a much larger distance to the re
erence path than it would be admissible for the classical PF
control approach proposed in [47] and commonly used for N-
trailers, cf. [5, 6, 9, 10, 48]. Worth stressing smooth motd
the guidance segment, and stable evolution of the jointeasngl
Robustness of the closed-loop system to parametric uncer-
tainty of a vehicle kinematic model has been experimentally
tested along the sine-shaped reference path, assuming both
overestimated and underestimated values of trailer |srayti
hitching dfsets used in the inner-loop transformation (29). The
results are presented in Fig. 10, where paths drawn by tlte gui
Figure 7: Three-trailer laboratory-scale robotic vehigsed in experiments ance segment and time plots of PF error componédiitg (t))|
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Figure 8: E1: Experimental results of following the elligticeference path; the guidance segment has been highlighted, while initial vehicle configuration
g(0) has been highlighted in magenta on X-Y plot

and|ey(t)| have been shown for the following cases: (a) usingtrol strategy admits either backward or forward motion of a
thenominalvalues of kinematic parameters and taking: —4,  vehicle (as a function of hitchingfiset signs), preserving lo-
(b) using 10% overestimated trailers lengths and 10% undekation of the guidance point on the last trailer for both sase
estimated hitching fisets, and taking- = —4, (c) using 10% Experimental results provided in the paper illustratedciira
underestimated trailers lengths and 10% overestimateti-hit cal efectiveness of the new control law revealing its relatively
ing offsets, and taking = —4, (d) using the same conditions as small sensitivity to parametric uncertainty of a vehicled«

in case (b) but taking- = —8. Comparing the plots in Fig. 10 matic model.

one may claim relatively small sensitivity of the controksy

tem to parametric uncertainty of the vehicle model. Moreove

comparing the results for cases (b) and (d) one can see that ) ) _

increasing a value ofr| leads to improvement of the overall APPendix A. Computation of function Atan2c (.,.), [17]
control performance despite the parametric uncertaintihef

kinematic model.
Angle y(t) = Atan2c(hy(t),hy(t)) € R for all t > O cor-

responds to a value of integra(t) = x(0) + fot[hl(g)hz(g) -
6. Conclusions ho(&)(€)]/[M2(€) + h2(£)]d¢ computed for appropriately se-
lected initial conditiony(0). In the discrete-time domaime N,

The nonlinear cascaded-like state-feedback control l&w pr a value of anglg/(n) = Atan2c(hy(n), hx(n)) can be computed
sented in the paper constitutes an alternative solutiornéo t gs follows:

PF task for nSNT vehicles, where the reference paths can be

expr_e_sse_d in the analytical form repres_ented by (7). Thanks ;. X(n) := Atan2(hy(n), ha(n)) € (-, 7]

to utilization of the concept developed in [39], the progbse ) ) :

control law does not require determination of the shortest d 2 (0~ 1) = Atan2(siny(n - 1). cosy(n - 1)) € (-7.7]
tance to a reference path, substantially simplifying peatt 3: AX(n) := X(n) = X(n-1)

application of the controller. By introducing of the sodedl 4: IF AX(n) > +7 THEN Ax(n) := AX(n) — 2
segment-platoo_nmg reference paths, it has been_ sh_own that ELSEIFAX(n) < —7 THEN Ax(n) := AX(n) + 27
the cascaded-like controller guarantees asymptotic viatig ]

of both constant-curvature as well as some persistentlit-exc ELSEAx(n) := AX(n)
ing and stficiently smooth varying-curvature reference paths. 5:x(n) :=x(n—-1)+Ax(n) = x(n)eR

High scalability of the proposed controller allows its imufiege

application into N-trailers equipped withftkrent numbers of wherey(n — 1) denotes a value from a previous time instant
sign-homogeneouslyfidaxle hitched trailers. The novel con- which should be stored in a memory.
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Figure 9: E2: Experimental results of following the sineséreference path; the guidance segment has been higtlighed, while initial vehicle configuration
g(0) has been highlighted in magenta on X-Y plot

forallt > Oand alli = 1,...,n. The sgicient condition for
exponential stability of LTV system:at= 0 is the existence of
Let us show equivalence between conditions (13) and (15suyficiently small constani, > 0 such that
Since tagi(t) = Likgi(t) and curvatureqi(t) = wgi(t)/vai(t),
one may rewrite (15) a&;wqi(t)vgi(t) tansqi(t) + vﬁi(t) > 0.
Upon (11) we havelBqi(t)] < =x/2, thus the latter in-
equality can be multiplied by cgki(t) and reformulated
as Vgi(t)(Liwai(t) sinfai(t) + vai(t) cosBai(t)) > 0.  Since
(Liwdi(t) sinBai(t) + vai(t) cosBai(t)) = vai-1(t) (according to
(14) and (4)), hence condition (15) is equivalent to retafibs).

Appendix B. Some explanations for S-P paths

Vt>0 | AQ) < oa (C.1)

The above lemma provides thefBcient condition (not the
necessary one), thus (C.1) may be conservative (cf. [56]).
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Marcin Kietczewski from Chair of Control and Systems Engi-
neering (PUT) for a help in collecting the experimental data

~We are going to derive a relation between reference velocke also thanks for critical and motivating comments prodide
ities vgi-1 andvg; for the case of circular reference paths. It by the anonymous reviewers.

is known that for the steady-state circular motion of the N-
trailer the following two equalities are valid (see [35q =
(Vai-18B4i)/(Li + LniGBai) andVgi-1 = (Vai — wdiLniSBdi)/Bai-
Combining the two equations vyieldsgi = (VaiSBqi)/(Lni +
LicBqi)- By substituting the latter into the second row of prop-
agation formulaugi_; = Ji‘l(ﬂdi)udi (cf. (4)) gives relation
Vdi-1 = Vdi - (Li + LniGBai)/(LiGBdi + Lni).
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